EXTENSIONS WITH ESTIMATES OF COHOMOLOGY CLASSES 



VINCENT KOZIARZ 

Abstract. We prove an extension theorem of "Ohsawa-Takegoshi type" for Dolbeault q- 
classes of cohomology (g > 1) on smooth compact hypersurfaces in a weakly pseudoconvex 
Kahler manifold. 



1. Introduction 

Let y be a complex submanifold of a Kahler manifold X and let L' be a Hermitian line 
bundle on X. First consider the following 

Problem. Let f be a smooth D" -closed section of A^''^T^ (8) L' over Y satisfying a suitable 

condition. Can we find a smooth D" -closed extension F of f to X together with a good 
estimate for F on X? 

The first result of this kind was obtained by T. Ohasawa and K. Takegoshi |0T| in the 
case when 1" is a hyperplane of a bounded pseudoconvex domain X in C", L' is the trivial 
bundle and q = 0. It was further generalized by L. Manivel [Maj (with a simplified proof by 
J. -P. Demailly |De3| ) in the following setting: X is a weakly pseudoconvex manifold, Y is the 
zero set of a holomorphic section of a rank r Hermitian bundle over X, L' = Kx ® L where 
L is a Hermitian line bundle whose curvature satisfies appropriate positivity properties, Kx 
is the canonical bundle of X, and q = Q. When q'> 1, the method leads to a new technical 
difficulty occurring in the regularity argument for (0, g) forms. In [De3j , Demailly suggests an 
approach to overcome this difficulty but, to our knowledge, the complete arguments did not 
appear anywhere. In this paper, we rather consider the 

Modified problem. Let q> 1 and f be a smooth D" -closed section of hP''iT^ (g) L' over Y 
satisfying a suitable condition. Can we find a smooth D" -closed extension F of f to X as 
a cohomology class (i.e.[F^Y] = [/] ^ H'^(Y,L')) together with a good estimate for F on X? 

Observe that if y is a Stein submanifold (this happens e.g. when X is a Stein manifold), the 
modified problem is not relevant when q > 1 since the Dolbeault group H^{Y, L') vanishes. In 
contrast, we will focus here on the case when y is a smooth compact hypersurface of a weakly 
pseudoconvex Kahler manifold X. This situation naturally happens, for example, when X is a 
compact Kahler manifold, or when X is a holomorphic family of projective algebraic manifolds 
fibered over the unit disc. 

Theorem 1.1. Let (X, w) be a weakly pseudonconvex n-dimensional Kahler manifold, and let 
Y C X be the zero set of a holomorphic section s G H^(X,E) of a Hermitian line bundle 
(EjUe); the subvariety Y is assumed to be compact and nonsingular. Let L be a line bundle 
endowed with a smooth Hermitian metric such that 

(1.1) V^e{L) + ^/^d'd"log\s\'^ >0, 

(1.2) y/^Q{L) + ^/-id'd"\og |s|^ > a'^^/^Q{E) for some a > 1, 

(1.3) |s|^<e-" 
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on X. Let < k < 1 and let Q C X be a relatively compact open subset containing Y . Then, 
for any q >0 and every smooth D" -closed (0, q)-form f with values in Kx ® L over Y , there 
exists a smooth extension F of f to Q as a cohomology class (i.e. [F^y] = [/] ^ H''{Y, Kx^L) ) 
such that 



where C is a numerical constant depending only on fi, E, L and q. 

The norm of the forms with values in bundles will always be computed with respect to the 
one induced by oo, He and Hl. Also, Q{E) (resp. Q{L)) will always denote the curvature of 
the Hermitian line bundle (E, He) (resp. (L, hi)). When the metrics will be twisted by some 
positive functions, the weights will appear explicitely in the formulae. 

Our proof follows many of the ideas outlined in |De3| . First, using the weight bumping 
technique (and the adapted Bochner-Kodaira-Nakano inequality) initiated by Ohsawa and 
Takegoshi, for all e > 0, we build extensions of / of class whose norm is controlled, and 
which are "approximately" D"-closed (in the sense that the norm of their L>"-derivative 
is bounded by a constant times e). Philosophically, passing to the limit as e — )• should 
provide the desired extension but the limiting elliptic differential system is singular along 
Y and this forbids the direct use of elliptic regularity arguments. Then, at this point, our 
strategy differs from Demailly's. Instead, we construct "approximate" g-cocycles Q in Cech 
cohomology corresponding to the previous extensions via an effective Leray's isomorphism, 
in a similar fashion as Y.-T. Siu in [Si]. During the process, we solve local Z)"-equations by 
standard techniques of L. Hormander. Then, we can take the limit as e — )• and use the 
ellipticity of the Laplacian in bidigree (0, 0) to ensure the smoothness of the extending cocycle 
^. Finally, reversing the process, we get a smooth extension F of / as a cohomology class. 
Notice that the constant C in Theorem 11.11 is mainly related to a finite covering oi Q D Y 
by Stein open subsets (which is used to apply Leray's isomorphism) and the norm of the 
derivatives of a partition of unity subordinate to this finite covering. This explains in part 
why we need Y to be compact. 

A consequence of Theorem 1 1 . 1 1 is a qualitative surjectivity theorem for restriction morphisms 
in Dolbeault cohomology: 

Corollary 1.2. Let X, Y, E and L be as in Theorem\T7^i.e. satisfying (f777|) . (flT^ and (f73j) . 

Then the restriction morphism 



is surjective for any q >0. 

Applying Theorem 1 1.1 1 to E = C and to any semi-positive line bundle L (for instance L = C), 
we also easily get the following corollary which contains a special case of the invariance of the 
Hodge numbers for a family of compact Kahler manifolds (a result due to K. Kodaira and 
D. Spencer): 

Corollary 1.3. Let vr : X — )• A 6e a proper holomorphic submersion over the unit disc and L a 
semi-positive line bundle on X. Assume that X is a Kahler manifold of dimension n + l. Then, 
for any q>0, h'^''^{Xt, L) := dimH^''^{Xt, L) is independent of t £ A (where Xt = 'K~'^{t)). 

Acknowledgments. I would like to thank Mihai Paun for many valuable discussions. I 
would also like to thank Jean-Pierre Demailly for explaining me details on his article |De3| . 
as well as Benoit Claudon and Dror Varolin for useful comments on an earlier version of this 
paper. 
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2. Preliminary material 

From now on, we assume that X, y, L and E satisfy the hypotheses of Theorem 11.11 
Let c G R such that C Xc := {x G X, ^/'(x) < c}, where is the plurisubharmonic 
exhaustion of X. Let lA = {Uj^j^j be a finite covering of the closure of $7 by coordinate 
charts : B — > Uj where B is the unit ball in C", and such that Uj C Xc for all j. Denoting 
by u the standard Hermitian norm on C", we assume that the functions Lfj := u o (f)~^ satisfy 

(2.1) ^f^Q{L) - l3^f^Q{E) + ^f^d'd"ipj > u 

on Uj for any /3 G [0, 1] (this is always possible if the f/j's are chosen small enough). For any 
multi-index (j'q, . . . ,je), we shall denote by V'io----jf function X]i=o ^ji "^hich is defined on 
the intersection C/jOvj« ^jo H • • • Pi Uj^. 

If F is a smooth Hermitian vector bundle over X and f7 C X is an open subset then, for all 
integer k, we denote by £^{U,F) the space of sections of F over U which are of class C'' and 
by £c{U,F) those with compact support. We also denote by W^{U,F) the Sobolev space of 
sections whose derivatives (in the sense of distribution theory) up to order k are in L^. 

Let us recall three useful results taken from [Del] (Remark 1.6, Lemma 3.3 and Lemma 
6.9): 

Proposition 2.1. (a) Xc\Y is complete Kdhler. 

{h) Let UJ and u' be two Hermitian forms on Tx such that uj < u;' . Let E be a Hermitian 
vector bundle on X. Then, for any q > and any u G A^^'^T^ E, |n|^, dV^' < \u\'^ dVui- 

(c) Let Q be an open subset of and Y a complex analytic subset of Q. Assume that v is 
a {p,q — l)-form with Lf^^ coefficients and w a {p,q)-form with L^^^ coefficients such that 
d"v = w on Q\Y (in the sense of distribution theory). Then d"v = w on Q. 

The following lemma is a consequence of a classical result (see |De2] . Corollary 5.3): 

Lemma 2.2. Let m and p be positive integers. 

(a) Let V G l^""(C/jo,...j,, A"'PT* (g) L (g, E~^) such that D"v = and 

/ |i;|2e~'^J0.'-J<? dVuj < +00. 

Then there exists a {n,p - 1) form u G Ty™+^([/jo,...j,, A"'P-^rj O L O E~^) such that 
D"u = V and 

1 



L 



litpg-v'jo.-.w dV^<- \v\'^e-'^m.-,u dV, 

P -^^30, ■■■,31 

(b) Let < K < 1 and e > 0. Let v G t^""(C/jo,...j,, A^'^TJ O L) such that D"v = and 

.e"'^JOv..j£ dV^ < +00. 



/ 



Then there exists a {n,p- 1) form u G M^™'+^([/jo,...j^, A"'P"^rj^ (g) L) such that D"u 
and 



12 1 f \v\^ 



-e 



'^^•■■■■3t dVu, < - / , ' ' — e-'^^o.-.^f dVu, 



u3o.^:A\^\' ^ - p ^■■■,3A\^\' + ^'y-' 

Proof. We only check the hypotheses of Corollary 5.3 in |De2) . The open subset C/jQ^...j^ C X 
is Stein and on ?7jovj>' bundle Lig E~^, resp. L, endowed with its metric twisted by 

e-'^io.---.i<!, resp. (|s|2 + £2-j-(i-K)g-'^jo,...,j^ ^ j^^g curvature 
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resp. 

V^e{L) + (1 - K)^/^d'd"log{\s\'^ +e'^) + ^/^d'd"ipj^^,„J^, 

which, by inequahty (|3.2p and assumption (|2.ip . is bounded from below by 

V^G{L) - V^e{E) + V^d'd"ipj, > u, 

resp. 

^e(L) - (1 - + ^d'd'Vio > ^- 

The fact that u can be chosen in the Sobolev space W"^~^^ comes from the elhpticity of the 
Laplacian. Let us explain why in the case (a), the case (6) being completely similar. In fact, 
the Z)"-equation is solved using complete metrics cjg on f^jovjf such that uj^ > oj and cjg — )• 
as e — )• 0. For any e > 0, the corresponding minimal solution (i.e. the one satisfying 
D"ug = V and G (Ker Z)")^'^^ ) is such that 

/ |n,|2^e-'^^o....... dV^^ < - [ \v\l^e-^^o,-,H dV^^ < - [ Ivl^e-^^^o.-.H dV^ 

where the latter inequality comes from Proposition 12 . 1 1 (6) . Then, there exists a sequence (e^) 
converging to such that 

converges weakly to some u in -^^^ ^ — y -|-c>oi u satisfies 

D"u = V, 



I'uPe-'^^o.-.i* dVu,<- I \v\'^e-'^^o,-,H dV^ 



but also u e (KerZ)")^'^ = Im (Z)")*" (and therefore {D"Y"u = 0). Indeed, L^{ijj) C L^ioJe) 
because | . dV^^^ ^ I • P dV^^ and since uj^ — t- w, we get u G (Ker L'")-'-'*' by the dominated 
convergence theorem. Finally, u satisfies D"u = v and {D")*u = which is an elliptic 
differential system and standard arguments give u G iy™+^ if t> E W"^. 

Notice that we can skip the extraction of a weak limit if we only need a solution with the 
same estimate on a slightly smaller relatively compact open subset of C^jovj>' have to 

do is take a complete metric on C/jovJ^ which coincides with uj on the smaller subset. 

□ 

Finally, we also select a smooth partition of unity {aj}j(zj subordinate to U (i.e. for each 
j, aj G £^{Uj, [0, 1]) and X]jGj<^j(^) = 1 fo^' ^ ^ 

3. Proof of the theorem 
Recall that, by assumption, y C X is a smooth hypersurface so that E ~ OxiY). 

3.1. Construction of smooth extensions. In this section, we prove the following 
Lemma 3.1. For any k > 0, there exists a smooth section 

such that 

(a) /oo coincides with f in restriction to Y , 
{b) |/ooJ_= \ f\ at every point ofY, 

(c) D" fao = ai every point ofY, 

(d) s-^D"f^ e £\X,A'''i+^T^ ^ L ^ Ox{-Y)). 
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Proof. Let us cover Y by coordinate patches Wj C X biholomorphic to polydiscs and with 
the following property: if we denote the corresponding coordinates by {zj,Wj) G A x A"~^, 
where wj = (wj, . . . , w^'^), then Wj CiY = {zj = 0}. On each Wj, we fix some holomorphic 
cjj G T{Wj, Kx ® L) which trivializes Kx ® L. 

As explained in |De3| . the restriction map (A''''^TJ)|y — > A^''^Tp can be viewed as an 
orthogonal projection onto a C°° subbundle of (A°'T^)|y. One might extend this subbundle 

from Wj n y to Wj and then extend / on Wj by some smooth form fj G £'^{Wj,A"-''^T^ (g) L). 
Using a smooth partition of unity 6j G i?^(VFj,]R), 9j = 1 on a neighbourhood of Y , we 

get a global smooth extension / = Ojfj of / which fulfills conditions (a) and (6). Since 

{D"J)\Y = {D"f\Y) = D"f = f), 

we can write D" f = dzj A Qj on Wj n Y for some smooth (0, g)-forms gj which we extend 
arbitrarily to Wj. Then 

i 

coincides with / on y and satisfies (c). 

We proceed by induction to get [d). Assume that on each Wj, 

D" foo = Zjfj{zj,Wj) + Zj dzj A ^ ai{wj)ajdtjUj + ^ bji{wj)ajdwj + Zj'^^hj{zj,Wj) 

\I\=q \I'\=g+l 

for some fj, hj G f , A^'^+^T^ O L), a/, 6// G f °°(A"-i, C), A; > 1, and where the multi- 
indices /, /' are increasing. We say that f^o enjoys property (Pfc). Remark that such an 
equality implies that s-'^D"foo G £^-'^{X, A'^^'^+'^T^ L O Ox{-Y)) if k > 2. Moreover, the 
extension /oo we just constructed satisfies property (Pi) because D"foQ = along Y. 
Of course, D" (D" foo) = 0, but also the direct computation gives 

D"{D"foo) = ZjD" fj{zj,Wj) + kzj'^dzj A ^ ^ bp{wj)ajdwj' + z'jh'j{zj,Wj) 

\I'\=q+l 

for some h'j G £°°{Wj,A'^'''+^T^ ^ L), hence the bj/'s must vanish identically. So if we take 



we have 



1^1=9 

/ Z^+^ \ 

i 1^1=9 

-T.(^^^^D"[Yai{w,)a,dw] 

j \i\=g 

= ~ ^J^^^ ^ X] o,i{wj)(Tjdw] ] + Y ^j^'^^j (^i' "^i) 

j ^ \I\=q ^ 

= Yl + Y + hj{zj,Wj)) 

j j 

for some h'' G £^{Wj, A^'^i+'^T^ L). Then, enjoys property (Pfe+i). 



□ 
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3.2. Construction of approximate extensions with control. Let 9 : M — > [0, 1] be a 

smooth function with support in (— oo, 1), such tliat 9 = 1 on (— oo,l/2] and \9'\ < 4, and 
consider the truncated extension of / 

7,:=0(e-2|s|2)7^ 

where /oo is the extension provided by Lemma l3.ll such that s^^D"f^ € £^ {X , A'^^'^'^^T^ (8) 
L eg) Oxi—Y)) for some k > 1 which will be determined later. We wish to solve on X the 
equation 

D"u, = D"l 

with estimate, and the additional constraint that vanishes along Y . We also expect some 
regularity on in order to justify that — -u^ is a (D"-closed) extension of /. In general, 
we are not able to get this by the method we use here, and we can only produce approximate 
solutions. 

The fundamental tool is the following existence result (see |De3] . |Pa| ): 

Theorem 3.2. Let X he a complete Kdhler manifold of dimension n equipped with a (not 
necessarily complete) Kdhler metric u, and let L be a line bundle endowed with a smooth 
Hermitian metric. Assume that there exist two smooth bounded functions r], X > on X 
satisfying 

(3.1) i]^e{L) - ^d'd"v - v^^^!^4^ ^ V^Td'fi A dy 

A 

for some positive function t and some function jj,. Let us consider the (densely defined) 
modified D" operators 

Tu := D"{y^ri + Au) and Su:=^{D"u) 

acting on forms with values in L. Let g = d"fi /\go + 92 be a L^ form of (n, q+1) type (q'> 0) 
with values in L such that 

(a) D"g = 0, 

(b) goeL^X,A^'iT^^L), 

(c) C{go,T) := l/T\go\^dV^ < +oo, 

{d) |(72p ^ 'yC{go,T) almost everywhere for some positive constant 7. 
Then, for any u G Dom T* Pi Dom S, we have 

{g,u)dV^ ' < C{go,T){\\T*uf + \\Suf + j\\uf). 

X 

In particular, there exist v G L2(X, A^'^TJ (g) L) and w £ L2(X, A^'^+^rj (g) L) such that 

Tv + 'j^^'^w = g 

together with the estimate 

[ \v\^dV^+ [ \w\^dV^<C{go,T). 
Jx Jx 



As before, let c G M be such that C Xc- For simplicity, we will assume in the sequel 
that X = Xc- We are going to apply Theorem 13.21 to -D"/e on X\Y. By Proposition 12.11 
(a), X\Y can be equipped with a complete Kahler metric. As for the bundle L, we endow it 
with its original metric multiplied with the weight in order to force the vanishing of the 

approximate solution along Y. 
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For any e > 0, we set := — log(e^ + Remark that, because of the condition 

\s\ < e~°, this function is positive for e small enough. Let x ■ ^+ — ^ t)^ strictly 
concave function whose derivative satisfies 1 < x' ^ 2 and such that x{~ log(e^ + e~^")) > 2a 
for any e > small enough (in |De3] and jPaj, x{t) = t + log(l + t) but we will choose other 
functions picked in |MV) ). Let us define the two positive functions (again e is assumed to be 
small enough) 



% := xicTe) and := 



X"{cTe) 

Although this is done carefully in ^De3j and |Pa| . we check quickly that r/g and fulfill 
condition ()3.ip in Theorem 13.21 It is easy to see that 

p2 

(3.2) 



-ld'd"as>\^^-r-^d'aeAd"ae- ^ ^ ' / 



£2 + |sP 



and it is straightforward that 

d'r]e = x'{(^e)d'(7e , d"7]e = x'i(^s)d"(Te , d'd"r]e = x' {(^e)d' d" Ue + x"{cre)d'ae A d"ae. 
Thus, since x' is positive. 



-ld'd"r]e > 



1 

+ T- ) V^d'rje A d"rie 



X'{c7e)\s\^ A, 



£2 + |s|2 



If e is small enough, then for any x £ X, %{x) > x(~log(e2 + e"^")) > 2a. Taking into 
account the curvature assumptions (jl.ip and ()1.2p in Theorem 11.11 as well as the fact that 
x' < 2, we obtain 



X [CTe 



-1G(L) + V-ld'(i"log|sp) > ^V-ie(E) > ^ '"'\J V-l@{E)s,s). 

a + sr 



Finally, summing up the two latter inequalities, we get 



r]e{V^Q{L) + V^d'd" log |s|2) 



-ld'd"r], - ^d'r]e A d"r]e > 



X'[<Te 



-ld'T]eAd"r], 



which proves that p.ip is fulfilled with r 



1 



X'icTe) \s\ 



and fj, = ij^. Now, we can write 



D"f, = d"ve/\ge + 0i^r)D"L 



where 



X'(^T. 



A quick computation shows that 



(3.3) 



lim 



X\Y 



\foo\^dV^ 



Co 



III 

\ds\'- 



:dVY,u 



for some "universal" constant cq. Therefore, since 6{e '^\s\'^) is supported in < e}, and 
since D" = on y, for any 7 > 0, 



<7 



1 \ge 



-dVu 



7 



X\Y 



T S 



( 



1 + 



|2n2 



X\Y 



|2n2 



\foo\^dV^ 



if e > is small enough. 
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Hence, we can apply Theorem 13.21 we find u^^^ = + XeV^^'y and w^^^ which satisfy the 
equation 

on X\Y and such that 



Jx\Y\s\'^{Ve + Xe) J X\Y I^P ~ ^'^ J X\Y^ ^ ^ 



(3.4) < 4 / ^'f^)Voo|'dK.. 



Jx\Y ^ ' 

3.3. Regularization of the approximate solution. Recall that y is a divisor such that 
E ~ Oxiy)- Here we use a trick of Demailly: we consider s~^U£,-y (resp. s~^W£^'y) as a 
(0, g)-form (resp. {0,q + l)-form) with values in the twisted line bundle Kx L Oxi—Y) 
equipped with a smooth Hermitian metric. By Proposition 12 . 1 1 (c) . we can write 

not only on X\Y but also on X because s~^ne^-y is locally L?, s^'^Wfr^-y is L? hence locally L^^ 
and s~^D"fg is of class hence locally (recall that f^, as chosen in Lemma |3.H is such 
that s~^D' foo is of class C'^, k > 1). However, we do not know much about the regularity of 

Us^-y and We^^. 

But £^(X,A'^'1T^ ® L Oxi-Y)) is dense in DomZ?" for the graph norm, where we 
consider D" as an operator acting on {n,q) forms on X with values in L (8) Oxi—Y). More 
precisely, the density holds when X is endowed with a complete metric. If X = Xc as we 
assumed above, we can work instead on Xc' for some c' > c, and there exists on Xc' some 
complete Kahler metric which coincides with lo on Xc- 

Then, we can find some t^,^ G .5~(X, A"'T^ (g) L (g) Ox{-Y)), which is L^, such that 



< e 



(3.5) ^ X / ^ X 

Jx Ve + K Jx Ve + K 

(recall that % is bounded by 2a from below), and W'^t^^^ — s~^Ue^^) has norm bounded 
by fj. 

om above. As a consequence, 

D"te,y = s-^D"l + r,,^ 

on X, with r^,^ G £:''(X, A^'^+^TJ (g) L (g) E^^^) since D"te,^ and s-^D"Je are of class 
Moreover, r^^^ satisfies 



(3.6) / \reA''<Ch 

Jx 



for some positive constant Ci depending on /, but not on e and 7 (see (|3.4p and (|3.3p ). Finally, 
s~^D" fi; is /^''-closed on X\Y hence on X by Proposition 12 . 1 1 ( c) . and therefore D"ri,^y = 0. 

3.4. The choice of % and Ag. Let us come now to the choice of r/^ and (see |MV] for 
more details). For any < k < 1, we define for t > the functions 

/■* 1 

gn{t) = K ^e"* , K{t) = ^e'^y _-^ dy and Xnit) = I + t + K{t) . 

One checks immediatly that 1 < Xk ^ 2 and < 0. Moreover, 

Xk(- log(e^ + e-2")) > 1 - \og{e^ + e'^") > 1 + 2a - log(l + e^e^") > 2a 
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when e is small enough. Clearly, Xk(^) < 1 + 2t and it follows that 

X.jt) ^ K(l + 2t) ^ 2 

as is seen from a simple computation. Moreover, 

As a consequence, if we fix k < 1 and take X = Xk, we have 

4 



(3.7) % + < 



K(|s|2 + e2)K- 



3.5. Construction of g-cochains via Leray's isomorphism. Recall that we have fixed a 
finite open covering U = {Uj}jej of a We endow the group C^(U , £^ {A'^'PT^ ^ L (E) E~^)) of 
(alternate) £-cochains with values in £^ (A^'^T^ (SD L Cg) E~^) which are with the norm 



11?^ f= max / Id ,-J^e-^^o.-...i. dK; 

and for all < k < 1 and e > 0, we endow C^i^, £^{A'^''PTx L)) with the norm 

I ^ |2 

Remark that in the case when is the 0-cocycle associated to a section of £^^(A"''?'r^ CSi-^^t 
£-1)) (resp. £:i(A"'PT* «)L))), 

lk°f </j'^l^rfK. (resp. lk°llL<X^^^^^^K 

since the c^j's are nonnegative. 

Now, we construct a (g + l)-cocycle in Zi+^{U, 0{Kx ® L® E'^)) corresponding to rg^^ 
via Leray's isomorphism between the Dolbeault and the Cech cohomology groups. In fact, we 
are mostly interested in the intermediate cochains which appear during the process and the 
control we have on their norm. The extension /oo of / is supposed to be sufficiently regular 
(i.e. k is large enough in Proposition 13. ip in order that r^^^, and every cochain obtained by 
solving local Z)"-equations below, is at least of class (see section 13. 3| Lemma 12.21 and use 
Sobolev lemma: W^{U) C £^{U) for any open subset f7cXifm>l + |). 

For notational simplicity, we denote r^^^^.^ .^-^ £ r([/jo^...j^,<S^(A"'^~^r^ (g) L (g) E~'^)) by 

First, we solve the equation D"rj = r^^^ on the C/j's, then we solve the equations 

^'Sw.+i = (^Ao,...,..+i on Uj,r^■■■r^u,,^, (0<^<<z-i) 

using each time Lemma [2.21 fa). Finally, Sve^^ G Z'^^^{h(, 0{Kx ® L(!S> E^^)) is a representative 
in Cech cohomology of [r^^^] G H'^+^{X,Kx ®L® E~'^). 

Lemma 3.3. For any i, we have 

\\/ ||2< + {e + i)...2.i r 

" - (g+l).g...(,-^+l)"'^'^" - iq + l).q...iq-i+l) 7^'"^'^' 
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Proof. For any £ > 1, 

\\r^ ||2 < I 

< _^lLi_||r^-i||2 



and 



UO ||2 1 II ||2 < 1 / I |2,y 



by the estimate in Lemma 12.21 (a) . 

□ 

In a similar manner, we produce a g-cochain £ C'^{U, 0{Kx ®L)) corresponding to the 
"approximately" ^'''-closed extension Je - st^^^ £ r(X,<?^(A"''^rj O L)) of /. More precisely, 
on the [/,'s, we solve the equation D"hP- = — st^ + sr^ ^ •, then we solve 

= ('^^V..,.^^^ on C/,„n...nC/,,+i {0<i<q-2) 

using Lemma 12.21 (b). This is indeed possible since the right-hand side is /^''-closed: if 

then 

Finally, let Ce,-y ■= 5/iI,7^ + (-l)'^sr|,-y G C"?(Z^, ©(i^x » L)) (in particular D"Ce,'y = and Ce,7 
is actually smooth by ellipticity of D" in bidegree (0, 0)). 

In the next proposition, we denote by V the finite Stein covering {V^jjeJ = {Uj nY}j^j of 

Y. 

Proposition 3.4. Let < k < 1. The cochain d^^^^ enjoys the following properties: 
(a) 

2 ^ 16(g + l)co f 
||C£,7L,£ < / rr^c^H^,^ + /3(e,7) 



|(is| 

where f3 is a positive function such that f3{e,j) — )• as e,7 — )• (recall that for any 7 > 0, 
Ce,7 on/y exists if e > is small enough). 
(6) For any £,7, Ce,7|y ^ Z'^{V,0{{Kx <EiL)^y)) representative in Cech cohomology of the 
cohomology class [f] G H'^iY, {Kx tX" i)|y)- 

Proof. Let X = be as in section [3^ We use the corresponding % and Ag. 
(a) We have 

lie. ,7l|K,e ^ ||'5^e,7 IIkjE + srI 

i7 II K,i 



;,e 



< v^Tl||/if-^|U,e + e-^ ||,e,7 



by Lemma [3. 3 [ since |sp(|,sp-|-e^) '^)<|s|'^<e 2 according to assumption p.3p . In 
the same way, for any i > 1, 
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where we also used the estimate in Lemma 12.21 (b). Finally, 

1 ~ 1 

Collecting all these inequalities, we get 

||Ce,7lU,e < Vq + M\fe " •5*e,7lU,£ + qe~^\\re,y\\ < \/q^-T\\fe - sie,7lU,£ + 9 ^17^/^. 
Now, it is easy to see that 



\fs ^^Cj-yl j^r ^ f l'S^e,7l ^ 



£.71 JT/ I ^2k 



for some constant C2, as is uniformly bounded with support in {\s\ < e}. Finally, by 

mi, 



X + £2)1 « i^J^r,e + \ 



and the desired inequality follows from (|3.4p . (|3.5p and (|3.3p . 
(6) It is clear since on f/jo,...,j^+i H y, the restriction of {Sh^)jo,---,je is always /^''-closed, hence 
we construct an "exact" representative in restriction to Y. 

□ 



3.6. Passing to the limit and reversing the process to get the extension. Now, we 
just have to make 7 and e go to zero and extract a weak limit of Q^^. This weak limit 
is an element of Z'^{U,0{Kx (X" L)) since D'Xe,-y = for any £,7, and (5Ce,7 = 
which, by (j3.6p and Proposition 13. 3| has norm bounded by some constant times 7^/2 ^ thus 
SC = 0. Moreover, C|y G Z''{V, 0{{Kx ® -^^)|y)) is a representative in Cech cohomology of the 
cohomology class [/] G H'^{Y, {Kx'^L)^y) since this is the case of any C£,7|y t)y Proposition 13.4 
(6). For all jo, ■ ■ ■ ,jq, as the ipj^s are bounded from above by 1, we obtain 



r/. . |s|2(l"'^) K /v |(is|2 

if we take the limit in the inequality of Proposition 13.41 (a). 

Finally, we construct the desired extension F in the following way. For 0<^<g — 1, we 
produce G C^{U,£'=^{A'^'i-'^-^T* O L)) such that 

(i) ('^e'^"').yo,...j, = Oo,...,i, on c/jo n • • • n 

i^i) = D"Cjtln^, °" t/, „ n • • • n f/,,^, (0 < £ < g - 2). 

These (5-equations are solved by using the partition of unity {(Tj}j^j subordinate to l/( in the 
following way: 

= {0<i<q-2). 

Finally, we set 
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on Uj. Then, F defines a D"-closed section in T{n,£°°{A°'iT^ ®Kx® L)) such that [F\y] = 
[/] e H'i{Y, {Kx ® L)\y) and the estimate 

[ \F? ^ 16e'?+i(g + l)coa|J|! f \f\\ 

L - <\j\-i-iy- Jy W'"^'^ 

holds for some constant Cg- depending only on the partition of unity {aj}j^j and q (one can 
take Co- = maxjgj 
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